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This paper discusses the implementation of statistical arbitrage in stock pairs trading 

using cointegration, Autogressive Moving Average model, Generalized Autoregressive 
Conditionally Heteroscedastic model and Vector Autoregressive model. 
   
   
 
 
 
 
 
 
 
 



INTRODUCTION 
Pairs trading was first introduced in the mid-1980s by a group of technical analyst 

researchers that were employed by Morgan Stanley, the multinational investment bank 
and financial services company. The pairs trade strategy uses statistical and technical 
analysis to seek out potential market-neutral profits. 

 
For example, Pepsi (PEP) and Coca-Cola (KO) are different companies that create a 

similar product, soda pop. Historically, the two companies have shared similar dips and 
highs, depending on the soda pop market. If the price of Coca-Cola were to go up a 
significant amount while Pepsi stayed the same, a pairs trader would buy Pepsi stock and 
sell Coca-Cola stock, assuming that the two companies would later return to their 
historical balance point. If the price of Pepsi rose to close that gap in price, the trader 
would make money on the Pepsi stock, while if the price of Coca-Cola fell, they would 
make money on having shorted the Coca-Cola stock. 

 
The mathematical idea behind pairs trading is finding high correlated stocks which 

should track each other. When their spreads diverge, long the lower one and short the higher. 
Absolutely, if the spreads converge, you will earn the profit. As we know stock prices are 
usually non-stationary time series, using this pairs trading strategy we find the spreads are 
stationary. The reason behind is that these high correlated stocks usually have cointegration 
properties. And applying cointegration method can make a non-stationary series to a 
stationary series which avoids spurious regression problem. There are many ways to choose 
pairs, an easiest way is finding high correlated stocks, all stocks in this paper are selected 
by this method. 

 
 
 

TWO STOCKS COINTEGRATION ANALYSIS 
For simplicity, we talk the simplest situation at the beginning, assume there are only two 

stocks. We denote them as 𝑦!,# and 𝑦$,#. They have cointegration relation if there exist a 
vector 𝐴 such that, 
 

𝑦!,# ∼ 𝐼(𝑑) (1) 
𝑦$,# ∼ 𝐼(𝑑) (2) 

𝑍# = 𝐴%𝑦# ∼ 𝐼(0) (3) 
 

Equation (1) & (2) tell us two stocks are difference stationary with the same of lag order, 
but their linear combination portfolio 𝑍# is a stationary time series. We will use spread to 
represent this kind of portfolio later. Take stock pairs Kroger (KR) and United Rentals (URI) 
as our example. By OLS regression and Augmented Dickey-Fuller (ADF) test, 𝑍#  is 
stationary if 𝐴′  =  [1 0.08904]. 



 
  Then we will talk about cointegration for the Vector Autoregressive Representation. 
Suppose that 𝑦#  can be represented as a non-stationary p-th order vector autoregression, 
 

Φ(𝐿)𝑦# = 𝛼 + 𝜖# (4) 
 
  By Granger Representation Theorem we can write down Error-Correction 
Representation of this system, where 
 

Δ𝑦# = 𝜉!𝑦#&! + 𝜉$𝑦#&$…+ 𝜉'𝑦#&'(! + 𝛼 + 𝜉)𝑦#&! + 𝜖# (5) 

𝜉* = −@Φ*(! +⋯+Φ'B, 𝑠 = 1,2, … 𝑝 − 1 (6) 

𝜉) = −Φ(1) (7) 
 
With the data of KR & URI from 2015 to 2018, we solve the VAR (1) system below: 
 

H
𝑦!,#
𝑦$,#I = H0.39482.5918I − H

0.9895 0
−0.06 0.9922I H

𝑦!,#&!
𝑦$,#&!I + H

ϵ!,#
ϵ$,#I (8) 

It is a special case where 𝑝 = 1, we can derive its Error-Correction Representation as, 
 

K
∆𝑦!,#
∆𝑦$,#

M = H0.39482.5918I − H
0.0105 0
0.06 0.0078I H

𝑦!,#&!
𝑦$,#&!I + H

ϵ!,#
ϵ$,#I (9) 

another way to get this ECR form is running the VAR (1) between vector Δ𝑦# & 𝑦#&!, it 

should be the same with theoretical representation in (9) except computational error. 
 

Using the same techniques in a different stock pair Paccar (PCAR) & Allstate (ALL), 
denote them as 𝑦+,# & 𝑦,,#. 
 

H
𝑦+,#
𝑦,,#I = H0.50690 I − H0.9812 0.0068

0 0.995 I H
𝑦+,#&!
𝑦,,#&!I + H

ϵ+,#
ϵ,,#I (10) 

K
∆𝑦+,#
∆𝑦,,#

M = H0.50690 I − H0.0188 −0.0068
0 0 I H

𝑦+,#&!
𝑦,,#&!I + H

ϵ+,#
ϵ,,#I (11) 

 
 
 
FOUR STOCKS INTEGRATION ANALYSIS 
  We have shown two different pairs stocks integration analysis, 𝑦!,#  & 𝑦$,#  has 
cointegration relation, 𝑦+,#  & 𝑦,,#  has cointegration relation. A natural question is 
whether 𝑦!,# & 𝑦,,# has a similar cointegration relation. An easy way to do that is run the 
regression between 𝑦!,# & 𝑦,,# like what we did in last part. Or equivalent, we can put 



these 4 stocks in one vector, applying the same techniques to get the vector 𝐴%, VAR model 
and ECM. The only difference is the dimension becomes 4 instead of 2. 
 

𝐴%’ = O
1 0.08904 0 0
1 0 0.50848 0
0 0 1 −0.40799

P (12) 

 
Where 𝐴%’ is the matrix which makes their linear combination 𝐴%’𝑦#  stationary. By 

matrix transformation, we can easily know that: 
 

𝐴% = O
1 0 0 0.2083
0 1 0 −2.3299
0 0 1 −0.40799

P (13) 

is the triangular form of matrix 𝐴%’. We call 𝐴% a basis for the space of cointegrating 

vectors. Any linear combination based on this basis is stationary time series. We can easily 
check 𝐴% in last part is actually a combination of this basis. VAR (1) and VECM are: 
 

Q

𝑦!,#
𝑦$,#
𝑦+,#
𝑦,,#

R = Q

1.4301
0

1.3103
1.8000

R + Q

0.9803 0.0025 −0.0124 −0.0063
0 0.9871 0 0
0 0 0.9768 0

−0.0274 0.0035 0 0.9841

R Q

𝑦!,#&!
𝑦$,#&!
𝑦+,#&!
𝑦,,#&!

R + Q

ϵ!,#
ϵ$,#
ϵ+,#
ϵ,,#

R (14) 

⎣
⎢
⎢
⎡
∆𝑦!,#
∆𝑦$,#
∆𝑦+,#
∆𝑦,,#⎦

⎥
⎥
⎤
= Q

1.4301
0

1.3103
1.8000

R − Q

0.0197 −0.0025 0.0124 0.0063
0 0.0129 0 0
0 0 0.0232 0

0.0274 −0.0035 0 0.0159

R Q

𝑦!,#&!
𝑦$,#&!
𝑦+,#&!
𝑦,,#&!

R + Q

ϵ!,#
ϵ$,#
ϵ+,#
ϵ,,#

R (15) 

 
With triangular basis in (13), we can write its Phillips’s Triangular Representation too. 
 

O
𝑦!,#
𝑦$,#
𝑦+,#

P = O
−0.2083
2.3299
0.40799

P 𝑦,,# + O
1 0 0 0.2083
0 1 0 −2.3299
0 0 1 −0.40799

P Q

𝑦!,#&!
𝑦$,#&!
𝑦+,#&!
𝑦,,#&!

R + Q

ϵ!,#
ϵ$,#
ϵ+,#
ϵ,,#

R (16) 

 
 
 
GRANGER CASUALITY TEST 
  As equation (14) we got, some of the coefficient are not significant different from 0, we 
can make a Granger casuality as below: 
 



 
This Graph shows that the stock URI & PCAR are ‘independent’ with others, their stock 

prices are only determined by their past information. But stocks KR & ALL are different, 
their stock prices are not only determined by their past price information but also the past 
information of URI & PCAR, so we can say that URI & PCAR are some part reason which 
make KR & ALL changes.  
 
 
 
AUTOGRESSIVE MOVING AVERAGE MODEL 
  From the example of KR & URI cointegration analysis, we know if we set 𝐴% =
[1		0.08904], then 𝐴%𝑦# becomes a stationary time series which means 𝑥# ∼ 𝐼(0) and 
 

𝑦!,# + 0.08904𝑦$,# = 38.9733 + 𝑥# (17) 
 
  We also draw the graph of the past 3 years 𝑥# in equation (17), its ACF & PACF: 
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From the ACF, PACF and AIC criteria, we select ARMA (6, 5) as our regression model, 
and under 95% significance interval, our model of 𝑥# is,  
 
𝑥# = −1.1359𝑥#&$ + 1.7162σ#&$ + 1.3047σ#&+ + 0.8378σ#&, + 0.7788σ#&- + σ#(18) 

 
 

 
 
 
 
GENERALIZED AUTOREGRESSIVE CONDITIONALLY HETEROSCEDASTIC 

Next step is to check whether the σ# is White Noise. According ACF, PACF of σ# and 
Ljung-Box test, we conclude σ# is a white noise series. But it’s not enough, we should 
continue check whether there exists ARCH effect in σ#. At first, we plot the graph of σ#$,  



 
And from the graph we can find there exists clustering problems, large σ#$  usually 

appears in same horizons. We also check the ACF & PACF of σ#$: 
 

 
  We decided to use GARCH(1, 1) model to estimate σ#, GARCH summary is below: 

 
and with 90% confidence interval, our model is: 

σ# = \ℎ#𝑣# (19) 

𝑣# ∼ 𝑁(0,1) (20) 
ℎ# = 0.1335 + 0.1753σ#&!$ + 0.4568ℎ#&!$ (21) 

 



We also draw the PDF of σ# and compare it with samples from normal distribution with 
zero mean and same unconditional variance. Our PDF of σ#  has a heavy tail and 
Kurtosis >3, these properties verify our GARCH model is reasonable to explain these 
phenomenons. In the second graph high conditional volatility ℎ# appears with large σ#$ 
which is coordinate with the equation (21). 

 

 
 
 
 
TRADING STRATEGY MODEL 
  This part we will talk about our trading strategy of spreads. Like before, we use 
cointegration method to get the spread 𝑥# and model 𝑥# as an ARMA(6, 5)- GARCH(1, 
1): 
 

𝑦!,# + 0.08904𝑦$,# = 38.9733 +	𝑥# 
𝑥# = −1.1359𝑥#&$ + 1.7162σ#&$ + 1.3047σ#&+ + 0.8378σ#&, + 0.7788σ#&- + σ# 

σ# = \ℎ#𝑣# 

ℎ# = 0.1335 + 0.1753𝜎#&!$ + 0.4568ℎ#&!$  
   
  How can we use the properties of this ARMA-GARCH model to make our trading 
decisions? We use AR(1) model to state the mean-reverting nature. If a time series 𝑋# ∼
𝐴𝑅(1): 
 

𝑋# = ϕ) + ϕ!𝑋#&! + η# (22) 
 



We can rewrite it as the following form: 
 

𝑋# = 𝑋#&! + ρ(µ − 𝑋#&!) + 𝜂# (23) 
 

where µ = .!
!&."

 and ρ = (1 − ϕ!). This makes clear the mean-reverting nature of this 

process, and our ARMA-GARCH model also has a similar mean-reverting nature. This 
nature is the motivation of arbitrage in pairs trading. We use two investment strategies to 
make decision, one is long-term strategy, another is short-term strategy. 
 
(1) Long-term strategy (Convergence Probability): Let 𝑆# denote the spread. We use 𝐼# 

represent the filtration generated by {𝑆#}.  Then use Monte Carlo simulation to 
estimate 𝑃[𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒	𝑎𝑡	𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙	𝑡𝑖𝑚𝑒|𝐼#]. We enter a trade of the spread at 
time t if  
 

𝑃[𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒	𝑎𝑡	𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙	𝑡𝑖𝑚𝑒|𝐼#] > 0.5 (24) 
 
This simply means that we should trade only if the spread is likely to converge before 
the terminal time. 
 
We use the first 30 trading day’s data of 2019 as our forecast time window and run 1000 
times Monte Carlo simulation to calculate its convergence probability at terminal time. 
Because our model is ARMA (6,5), we also need the last 6 prices data in 2018 as our 
initial price information 𝐼#. 

 
 
After calculation, our converge rate 𝑃[𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒	𝑎𝑡	𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙	𝑡𝑖𝑚𝑒|𝐼#] 	=	0.79 > 
0.5. We decide to buy this spread because we think it has higher convergence 
probability than divergence probability. And the real situation is shown as the blue bold 
line, we can see that spread of KR & URI really converges at terminal time. This 
strategy works in the beginning of 2019. 

 
(2) Short-term strategy (Growth Threshold): As stated earlier, a trade made at time t and 

closed at time t+1 will make profit if:  



 

z𝑆# > 𝑆#(!, 𝑤ℎ𝑒𝑛	𝑆# > 0
𝑆# < 𝑆#(!, 𝑤ℎ𝑒𝑛	𝑆# < 0	 (25) 

 
Though it is impossible to know what will happen in time t+1, given the ARMA-
GARCH model, we can compute the probability that it will converge at time t+1. If the 
probability is more than 0.8. We have high confidence that the spread will converge in 
next day. It is easy to see that given fitted model parameters, 
 

𝑆#|𝐼#~𝒩(𝜙' +�𝜙/𝑆#&/

0

/1!

+�𝜃/𝑆#&/

-

/1!

, h#
	) (26) 

 
We will make a trade at time t if: 
 

z𝑃[𝑆# > 𝑆#(!|𝐼#] > 0.8, 𝑤ℎ𝑒𝑛	𝑆# > 0
𝑃[𝑆# < 𝑆#(!|𝐼#] > 0.8, 𝑤ℎ𝑒𝑛	𝑆# < 0 (27) 

 
   Following the method we can make a decision table: 
 

 
 

At the beginning of each day, we use past data to calculate an confidence interval of 



today’s spread, if yesterday spread is out of the interval, we will buy or sell this spread. 
In ‘decision’ column, we use 1 represents we open the position, 0 means we don’t invest. 
In ‘real converge’ column, 1 means today’s spread converges, 0 means it diverges. So if 
both columns are equal to 1, we will make profit from this trade. As the table shown, at 
the beginning of 2019, we make 20 pairs trade, 14 of them are profitable, our correct rate 
is 70% which is similar with our converge probability in last part. So this strategy also 
works in a short-term period investment. 
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