1

Generalized Method of Moments

Ruming Liu

February 13, 2025

Overview

This is a note of the Generalized Method of Moments by Hansen (1982).
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Framework of GMM

Step 1. Put forward a model and express this model by population
moment conditions.

Step 2. Use sample data to calculate the sample moments and estimate
the estimators.

Step 3. In this framework, not only the variance of estimators will
be calculated and used as significance test. The variance of the sample
moments will also be calculated as a test of the correctness of the model.
If the variances of sample moments are quite large, we may reject the
hypothesis that the sample fits the model.

Population Moment Conditions

Assume the data are x; and the true parameters by satisfy the conditions
E[f (e, b)) = 0, 1)

we call this population moment conditions.

An example is OLS, where the model should satisfy

Elzi(yr — boxt)] = Elzier] = 0. (2)



e Another example is CCAPM, where the model should satisfy

[Elm(bo)Rf] — 1] [0]

Elm(bo) R 0

E[m(bo)R5] | = |0 (3)
| E[m(l;o)R%] i 0

Sample Moment Conditions

In equation (1), we give the population moment conditions under the
assumptions of model. But we only can observe the samples, we denote

91 = 3 floe b> )

t=1
as the sample moments after observing sample {z;,t =1,2,..,T}.

Now, our goal is to find a appropriate estimators b such that
gr(b) ~=0 ()

If the model is just identification (number of moment conditions n is
equal to the number of estimators p), the = holds. If the model is over-
identification (number of moment conditions is larger than number of
estimators), the = may not holds for all moment conditions, instead
our goal will change to

~

Afpxn) g1 (D) = 0 (6)

where a is a [p x n] matrix, we will talk about how to choose this matrix
in the later section.

Variance of Estimators and Moments

In equation (6), we find a way to appropriately estimate the Z;, now it
is time to test whether the estimators and model are reasonable.

To test the estimators and model, we need two statistics, the variance
of estimators and moments.

LAnd here b can be either true parameters by or estimators 13, we will discuss later.



o Hansen (1982) proves that
VT(b—by) — N(0, (ad) " aSd' (ad) ™) jpry (7)

VTgr(b) — N(0,(I —d(ad)'a)S( — d(ad) @) )puxn  (8)
where S = 322 E[f (%, bo) f'(z1—5,b0)] and d = aggé,bo), but in reality,
if S is unknown we can use data to estimate S. Similarly, if d is
unknown, we can use b to estimate d.

o Now the only issue left is the choice of a, our target is to chose an
optimal a such that the estimator /5 is the most efficient, Hansen (1982)
proves the optimal a should be:

a=dS! 9)
o We can easily find that the equation (6) is equivalent to another form
of the GMM:
GMM estimator W = S 1 : b = argmin gr(b)'S " gr(b)
gy
= first order condition: ( ) =0
e/
:, ()
- (£5 )ort) =0

= GMM estimatora =d'S ! : ﬂ!}-T(b) =

o The economic meaning of choosing the weight matrix W = S~1: for
those moment conditions which are more volatile, we assign less weight
to make 3 more efficient.

e In this optimal choice, the variances are simplified to:

-1

var(b) = ?(d’S Ld)
var(gr(b)) = ?(S d(d's'd)'d)
Tgr(b)Stgr(b) ~ x2,

2Recall that in OLS: var(Bors) = 0. (X' X)L, but o, is unknown, so we use (X’ X)~!
in significance test instead.



o Another technical issue is that the optimal a replies the value of d and
S, which usually is unknown. In this case, we will use two steps GMM.
The first step is to estimate b;ld by setting W = I, use b;ld estimate d
and S. Then in second step, we use optimal a = d'S71 to update the

bnew .

6 GMM is All You Need

In this section, we will discuss that most of the regressions can be regarded
as a special case of GMM framework

6.1 OLS
e The population moment condition of OLS is
Elzy(yr — xibo)] = 0 (10)
=d= agg(bb()) = —Blz,z) (11)

= S = Z E[xthl't,jEt,j] = E[(’Etﬁtfﬂ/tﬁt] = O'?E[xtl';] (12)

j=—o0

=a=d5S"'=—(c})""1 (13)

€

e The sample moment condition is

agr(h) = 0 > gr(b) = (;, S ) — (; Sea)b=0  (14)

A 1 1
=b= (T Z:I;tfl:g)*l(f > ) = (XX) XY (15)

o We get the equation of OLS estimator. Below is the variance of OLS
estimator

)

Var(h) = (5™ d)" = Z[(~o, (= Elraat])] ™ = % Blaal) ™
(16)

= Var(h)|X = o?(X'X)™ (17)



6.2 OLS with Heteroscedasticity

o If the residuals are heteroscedasiticity, equation (12) will change to

=8 = _ij: Elziez,_jei ;] = Elvieale] = Ele;a,x)) (18)
7 1 ro—1 7—1 1 / 2 /1—1 11\1—1
Var(b) = (d'57d)™ = S[(=Bluw]) Eleza] ™ (= Eloay])]
(19)
= Var(h)|X = T(X'X)" (X'DX)(X'X)"} (20)
where )
p=| © (21)

o Result is still consistent with White (1980) heteroscedasticity consistent
estimator.

6.3 GLS and Autocorrelation

o We can also prove that the scenarios of GLS and Autocorrelation, are
still under this framework, they are just with different forms of S.

6.4 2SLS and IV

o Interestingly, 2SLS and IV are still under this framework.

o The population moment conditions are:

Elz(ye — 23bo)] = 0 (22)

gr(b) = Z'(Y — Xb) (23)

= 5= i Elz€zi_jerj) = Elzezie] = Eleizz)] = 02 E[z2)] (24)
. agT(bU) _ /

=d= 5 = — B[z (25)

=a=dS"'=—(X'2)(Z2'2)" (26)

b}



~

agr(b) = —=(X'Z)(Z'2)*Z'(Y — Xb) =0 (27)

b=[(X'2)(2'2) ' Z' X X' 2)(Z'2)' 2'Y (28)
This is exactly the result in 2SLS.

If we further assume that the number of instruments and the number
of endogenous variables, then it is just identification, Z’'X is invertible

b= (Z'X)NZ'Z)(X'Z2)" X' Z2)(Z2'2)'Z'Y = (2’ X)7'Z'Y  (29)
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